AVERAGING, CONLEY INDEX CONTINUATION 
AND RECURRENT DYNAMICS IN ALMOST-PERIODIC 
PARABOLIC EQUATIONS 

MARTINO PRIZZI 

Abstract. We study a non-autonomous parabolic equation with almost-periodic, 
rapidly oscillating principal part and nonlinear interactions. We associate to the 
equation a skew-product semiflow and, for a special class of nonlinearities, we 
define the Conley index of an isolated invariant set. As the frequency of the 
oscillations tends to infinity, we prove that every isolated invariant set of the 
averaged autonomous equation can be continued to an isolated invariant set of 
the skew-product semiflow associated to the non-autonomous equation. Finally, 
we illustrate some examples in which the Conley index can be explicitely computed 
and can be exploited to detect the existence of recurrent dynamics in the equation. 



1. Introduction 
In this paper we study a family of non-autonomous parabolic equations 

N 

(1.1) u t - a ij(^t)didjU = F(ut, x, u), (t, x) G R x R N 

i,j = l 

with almost-periodic, rapidly oscillating principal part and nonlinear interactions. 
Under suitable hypotheses (see Section 2), the Cauchy problem for (jl.ljl is well- 
posed in _ff 1 (R iV ) and the equation generates a (local) process, that is a two- 
parameter family of nonlinear operators n w (t, s) such that U w (t,t) = I, t G R, 
and Uu{t,p)Tiu{p, s) = IL(t, s), t > p > s. 

We are interested in the behaviour of the solutions of (jl.lj) as u — > +oo. It is well 
known that, if a function a is almost-periodic, then its mean value 

1 f T 

(1.2) hm — / a(p)dp=:a 

is well defined. This fact suggests that the averaged equation 

N 

(1.3) u t~Yl aijdidjU = F(x, u), (t, x) G R + x R N 

should behave like a limit equation for (|l.lj) as uo — ► +oo. 

Results of this kind have been known for quite a long time for ordinary differ- 
ential equations with almost-periodic coefficients, and are related to the so called 
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Bogolyubov averaging principle (see |3] ) . For evolution equations in infinite dymen- 
sions, local results in this direction have been obtained in an abstract setting by Hale 
and Verduyn Lunel p. In a more recent paper [TT], Ilyin proposes a global crite- 
rion for comparison between the process generated by an almost-periodic equation 
and the semiflow generated by the corresponding averaged equation. The model 
problem is a parabolic equation on a bounded domain, with an almost-periodic 
time-dependent nonlinearity. Under suitable dissipativeness and compactness hy- 
potheses, both the process and the semiflow possess compact global attractors (see 
0). A first (rough) way to express the concept of closeness of the two is then to give 
an estimate of the Hausdorff distance of their attractors. A more detailed descrip- 
tion of the internal structure of the attractors is given by Efendiev and Zelik in j7] . 
They assume that the averaged problem admits a Lyapunov functional and that the 
semiflow on the attractor is Morse-Smale. Then they show that this structure, in a 
certain sense, persists in the almost-periodic perturbation, provided the frequency 
of the oscillations is sufficiently large. 

The aim of this paper is to investigate the persistence, under almost-periodic and 
rapidly oscillating perturbations, of invariant sets which are possibly more general 
than attractors or hyperbolic equilibria. This task leads naturally to the use of 
global topological tools like the homotopy index of Conley. 

Let A be a metric space and let 7r be a local semiflow in X. If K is an isolated 
7r-invariant set for which there exists a 7r-admissible isolating neighborhood B (see 
[T7] for the precise definitions of this and of the related concepts), then one can 
prove that there exists a special isolating neighborhood B C B of K, called an 
isolating block, which has the property that solutions of 7r are "transverse" to the 
boundary of B. Letting B~ be the set of all points of dB the solutions through which 
leave B in positive time direction, and collapsing B~ to one point, we obtain the 
pointed space B/B~ with the distinguished base point p = [£>"]. It turns out that 
the homotopy type h(B/B~ , [B~]) of {B/B~ , [B~]) does not depend on the choice of 
B. This means that h{B/B~~ , [B~]) depends only on the pair (ir,K), and we write 
h{n,K) := h{B/B~ , [£>"]). h{ir,K) is called the homotopy index of (n, K). For two- 
sided flows on locally compact spaces, the homotopy index is due to Charles Conley 
(see |H]) and therefore it is called the Conley index. In the case of a local semiflow tx in 
an arbitrary metric space A, the extended homotopy index theory was developed by 
Rybakowski in ^B] and rests in an essential way on the notion of it -admissibility. The 
most important properties of the Conley index are the following: (a) if }i(tt, K) ^ 0, 
then K ^ 0; (b) the homotopy index is invariant under continuation, in the sense 
that, roughly speaking, it remains constant along "continuous" deformations of the 
pair (7r, K). 

The first difficulty in applying the homotopy index theory to (jl.lj) comes from 
the fact that non-autonomous equations define processes and not semiflows. The 
theory of skew-product semiflows, developed by Sell in [TSj . provides then the right 
functional setting for a dynamical-system treatment of equation at the ex- 

pense of introducing an extended phase space. Another difficulty comes from the 
characteristic lack of compactness exibited by problems in unbounded domains. In 
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fact, in the case of a parabolic equation on a bounded open set f2 C Mr, the admis- 
sibility of all bounded closed sets in the phase space is a direct consequence of the 
compactness of the Sobolev embedding if 1 (£7) ■=— > L 2 {Vt). In M N this property fails, 
and one has to introduce some restrictions on the non-linear term F. The question 
of admissibility for autonomous equations in unbounded domains was discussed in 
[T5] . where a condition on F was given, ensuring the admissibility of all bounded 
closed sets in the phase space. In the same spirit, we shall assume here that the 
nonlinearity F satisfies a condition like 

(1.4) F(t,x,u)u < -v\u\ 2 + b(r,x)\u\ q + c(r, x), 

where b{r,x) and c{r,x) tend to as \x\ — > oo, in some sense to be made precise 
later. Roughly speaking, (J1.4)) means that the nonlinearity F is dissipative for large 
x. Therefore, we term (|1.4j) as a "dissipativeness-in-the-large" condition. 

It seems that the first to use the homotopy index in connection with the averag- 
ing priciple was Ward in [22] ■ He considered an ordinary differential equation with 
non-autonomous, almost-periodic nonlinearity. He proved that if the autonomous 
averaged equation possesses an isolated invariant set with nontrivial homotopy in- 
dex, the latter can be continued to a nearby isolated invariant set of the skew-product 
flow associated to the non-autonomous equation, provided the frequency of the os- 
cillations is sufficiently large. From this he deduced the existence of bounded full 
solutions of the original non-autonomous equation. 

In this paper we procede in a similar way. We define a skew-product semiflow 
in the space £ x if 1 (M Ar ), where £ is the "symbol space" associated to the non- 
autonomous equation (jl.lj) . Then we prove that, under the "dissipativeness-in- 
the-large" condition (jl.4j) . all bounded closed sets in the extended phase space are 
admissible. Therefore it is possible to define the Conley index of an isolated invariant 
set. As the frequency of the oscillations tends to infinity, we prove that every isolated 
invariant set of the averaged autonomous equation can be continued to an isolated 
invariant set of the skew-product semiflow associated to the non-autonomous equa- 
tion. Again, from this we can easily deduce the existence of bounded full solutions of 
the original non-autonomous equation. However, from the dynamical point of view, 
it is much more interesting to look for recurrent solutions (in the sense of Birkhoff ) 
rather than for bounded solutions of the equation (jl.lj) . In the last section, we briefly 
recall the concept of recurrence and we show that, under a technical condition on the 
principal coefficients Ojj(-), the existence of recurrent solutions of (jl.lj) is a straight- 
forward consequence of the existence of a non-empty, compact invariant set of the 
corresponding skew-product semiflow. We conclude with an example, in which the 
averaged equation is asymptotically linear and the homotopy index can be explicitly 
computed. 

2. The process and its properties 
We consider the non-autonomous parabolic equation 

N 

(2.1) u t — aij(tot)didjU = F(ut,x,u), 
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where (t,x) 6lx M and u is a positive constant. 

For notational convenience, we shall assume throughout that N > 3. We make 
the following assumptions: 
(HI) for every r G R £/ie matrix (a^r));,,- rea/ symmetric. There exists a 
constant u > suc/i i/iai z^ol^l 2 < a ij( T )^j — l£| 2 / or a ^ ( r >0 e 
R x Mr. There exist a constant < 6 < 1 and a positive constant C such 
that, for all T\,Ti G M, and for 1 < i,j < N, 

(2.2) \cnjin) -ay(r 2 )| < C|ri -r 2 | e ; 

(H2) the function F is continuous onRx M N x R and /or even/ r G R i/ie function 

F(t,-,0) is square integrable; 
(H3) /or even/ (r, x) G R x R^ t/ie function F(r, x,-) is continuously differentiable 

and there exists a constant C such that 

(2.3) \F^(t,x,u)\ < C{1 + \uf) for all (r, x, u) G M x R N x R, 

where (3 := 2* /2 - 1; 
(H4) inere exzst a constant < 9 < 1, a positive constant C and a function 
g G L 2 (R N ) such that, for all r 1 ,r 2 eR and (x, u) G R N x R ; 

(2.4) \F(n,x,u) - F(r 2 ,x,u)\ < C(g (x) + \u\ + |^ +1 )|ti - r 2 \ e . 

Let A^i be the space of N x N real symmetric matrices and define M. 2 to be the 
space of all functions /: R N x R — ► R such that f(x,u) satisfies (HI) and (H2), 
equipped with the norm 

(2.5) H/IU := ||/(-,0)|| i2 + sup (l + H^)- 1 !/^^)!- 
We assume that 

(AP) £/ie functions r i— > (ay(r))y G Afi and r i— > F(t,-,-) G A^2 are almost- 
periodic. 

We recall some basic facts on almost-periodic functions. By Bochner's criterion 
(see e.g. [12] ), whenever At is a Banach space and a: R — > A4 is almost-periodic, 
the set of all translations {er(- + h) \ h G R} is precompact in C&(R, A4). The 
closure of this set in Cb(R, M) is called the hull of a and is usually denoted by 
Ti{a). Moreover, if ( G H(a), then ( is almost-periodic and T~t(() = Ti{a). We 
recall also that, for an almost-periodic function a, the mean value 

1 f T 

(2.6) lim — / a(t)dt = aeM 

exists. More remarkably, one can prove (see again J2]) that there exists a bounded 
decreasing function \i: M + — > R + , /u(T) — > as T — > 00, such that 

/•s+T 

(2.7) ||(1/T) y (C(t) - a) dt\\ M < (jt(T) for all s G R and all C G W(<r). 

If Ai, A/" are Banach spaces and a: R — > M., p: R — > A/ are almost-periodic, then 
(cr, p) : R — > Al x A/" is almost-periodic and Tt(((T, p)) C rt(a) x 7Y(p). Moreover, the 
mean value of (cr, p) is (er,p). 
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We denote by Si and S 2 the hulls of the functions r i— > (ay(r))y and r i— > 
F(t, •, •) in C b (R, M.\) and C b (R, .M2) respectively. The corresponding mean values 
are denoted by (0^)^ G -Mi and F(-, •) G A^2- Besides, we denote by S the hull of 
t i-> ((aij(r))ij, F(t, •, •)) in C b (R, .Mi x -M 2 )- Sometimes S is called the "symbol 
space" associated to the equation. 

It is easy to check that (HI) is satisfied by any element of Si as well as by the 
corresponding mean value, and (H2)-(H4) are satisfied by any element of S 2 as 
well as by the corresponding mean value (with the same constants). 

For later use, we need also to introduce a parameter A G [0, 1]. For A G [0, 1] and 

((««(•))«» •> •)) e s > we defme 

(2.8) <*y(A,T) := Aay(r) + (1 - A)ay, l<i,j<N 
and 

(2.9) $(A,r,x,u) := A$(r,rr,u) + (1 - \)F(x,u), (r, i,m)6 1x R N x R. 

Notice that r 1— > «jj(A,r) and r 1— > $(A,r, ■, ■) are almost-periodic and their mean 
values are respectively (ay)ij and •). 
We introduce the Nemitski operator 

defined by 

(2.10) $(A, r, «)(a:) := $(A, r, u(x)). 

The map $ is continuos on [0, 1] xRx H 1 (R N ) and differentiable with respect to 
u G 7J 1 (IR iV ) , and the following estimates hold: 

(2.11) \\${\t,u)\\ l . <C{l + \\u\\ P + l ), 

(2.12) \\D®{\T,u)\\c {L ^m)<C{l + \\uf Hl ) 
and 

(2.13) ||d(A,n,«i) - $(A,r 2 , M2 )|| L2 < +C(1 + KU^ 1 + IKII^ki - r/ 

+ C(l + ||mi||^i + ||u2|Ihi)II w i - u 2\\m, 

where C is a positive constant, (5 is the exponent of (H2) and 9 is the Holder 
exponent of (H4). 

For t G R, A G [0,1], a = (a^-))^ G Si and c<j > 0, we define the operator 
A-Jt): H 2 (R N )^L\R N )bj 

N 

(2.14) A a x Jt)u :=-J2 aijiXMWjU, u G H 2 {R N ). 

i,3=l 

Then -A" (t) is a self-adjoint positive operator in L 2 (R N ) and our assumptions on 
the coefficients a^ij) imply that the abstract parabolic equation 

(2.15) u = -A a x Jt)u 
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generates a linear process 



UZ >u (t,s):L 2 (R»)^L\R«), t > a, 

such that 

(2.16) \\U^(t, s)u\\ L 2 < M\\u\\ L 2, u G L 2 (R N ), 

(2.17) \\UZJt, s)u\\ m < M\\u\\ m , u G H\R N ), 
and 

(2.18) \\U^(t, s)u\\ H i < M(l + (t - s)- 1 / 2 )^, u G L 2 (R N ), 

where M is a positive constant depending only on z/ (see e.g. [Hj, Ch.5, and [TH]). 

For A = 0, Ciij(\ujt) = ay. We set A := A^(t), so we have U^(t,s) = e~ A ^- s \ 
Representing U% w (t, s) in terms of its Fourier transform, one can prove (cf PQ, Propo- 
sitions 4.1 - 4.3) that U XuJ (t,s) converges to e~ A ^~ sS> in a strong sense, uniformly 
with respect to a and A. 

For every A G [0,1] and a := ,$(•,-, •)) G S, one can consider the 

nonlinear equation (j2.1j) with aijiui) and F(ut,x,u) replaced by aij(X,ut) and 
&(\,uit, x,u) respectively. Following [TQj , we rewrite equation ()2.1|) as an abstract 
evolution equation, namely 

'u + A a x Jt)u = $(\,ut,u) 

U(s) = U & 



(2.19) 



By classical results of jS], JHI and [Ej, for every s G R and u s G if 1 ^), the 
semilinear Cauchy problem ()2.19|) is locally well-posed. More specifically, one has 
the following 

Proposition 2.1. For every R > there exists Tr > (independent of s, a, A and 
snc/i i/iai, /or a// n s G B h i(R;0), problem \2.19i) admits a unique solution «(•) 
defined for t G [s,s + Tr], wi/i ||n(t)||#i G B H i(2R; 0). 

It follows that problem (|2.19j) possesses a unique maximal solution it G C°([s, s + 
T[, H l ) fl C 1 (]s, s + T[, L 2 ), where T depends on u s . The solution u(-) satisfies the 
variation-of-constant formula 

(2.20) u(t) = UZJt,s)u s + [ UZJt,p)$(\,u;p,u( P ))d P , t > s. 



It follows that for every A G [0,1] and o := (•)) ij, ${•,-, •)) £ S, equation 
(|2.19|) generates a local process U Xuj (t, s). 

Thanks to the variation-of-constant formula (|2.20j) . one can prove (cf PQ, Lemma 
3.6) the following 

Lemma 2.2. Let a G S and /e£ (o~ n )neN fre a sequence in E, swcn £na£ cr n — > a as 
n — > oo. Let A G [0, 1] and Ze£ (A„) ne N fre a sequence in [0, 1], sncn £na£ A n — > A as 
n — > oo . Le£ u E H l (R ) and let (n n ) n6 N fre a bounded sequence in H l (R ) . Lei T > 
and Ze£ (t n )neN on d (s n ) n6 N fre two sequences of real numbers, with t n G [s n , s n + T] 
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for all n, and assume that t n — > t and s n — > s as n — > oo. Let uj > 0. Finally, let 
R > and assume that, for all n, ||II^™ w (r, s n )« n ||^-i < R, r G [s n , s n + T], and 
l|nAa;( r ) s)tt||i/i < R, r G [s, s + T] . T/ien 

(1) i/« n u in L 2 (R N ) and t > s, 

ll n A™, w (*n, Sn)un - n^(t, -»• as n -> oo; 

(2) ifu n ^u in H 1 (R N ) and t > s, 

ll n A^,a;(^' S n) u n ~ I^Jt, s)u\\ H i -> as 77, > OO. 

A direct consequence of the second part of Lemma 12.21 is the following 

Proposition 2.3. Let a G S and Ze£ (a n ) ne M fre a sequence in S ; snca taat cr n — > cr 
as n — > oo. Let A G [0, 1] and Ze£ (A n ) ne N be a sequence in [0, 1], such that X n — > A 
as n — ► oo. Lei n G i/ 1 (lR 7V ) and Zei (n n ) ne N fre a bounded sequence in i7 1 (R Ar ) ; sncn 
that u n u in H l (M. N ) as n — > oo. Lei (t n )neN <wid (s„) n eN fre £u>o sequences of 
real numbers, and assume that t n —>■ t and s n s as n —>■ oo. Let uj > 0. Finally, 
assume that n^ w (r, s)n zs defined for r G [s, i]. Then, for all n sufficiently large, 
n A",J r > s n) M «. zs defined for r G [s n ,t n ] «^d 

ll n An,w(*n' S n) M n ~ Il^t, s)lt||tfi ^ as 77, ► OO. 

For A = 0, (|2.19|) reduces to the autonomous problem 

(2.21) \u + Au = F{u) 

[u(0) = u 

For every u G ff 1 (M Ar ), the semilinear Cauchy problem ()2.21j) is locally well-posed 
and hence possesses a unique maximal solution u G C°([0,T[, H 1 ) fl C 1 (]0, T[, L 2 ), 
where T depends on uq. Moreover, u satisfies the variation-of-constant formula 

(2.22) u(t) = e- At u + [ e- A{t - p) F{u{p)) dp, t > 0. 

Jo 

The Cauchy problem (|2.21j) generates a local semiflow n{t), and we have Uq w (t, s) = 
7r(rj - s). 

By slightly modifying the proof of Theorem 4.4 in pQ, one can prove the following 
averaging principle: 

Theorem 2.4. Let (ct„)„ 6 n be a sequence in E. Let (A„) n6 N 6e a sequence in [0, 1]. 
Let u G Lf 1 ^) and Zet ( u n )n€N be a bounded sequence in Lf 1 (M Ar ). Let T > and 
Ze£ (t n )neN fl^d (s„)„ 6 n 6e two sequences of real numbers, with t n G [s n , s n + T] for 
all n, and assume that t n — > t and s n — > s as n — > oo. Let (oj n ) neN be a sequence of 
positive numbers, oj n — > +oo as n — > oo. Finally, let R> and assume that, for all 
n > ll n A"^„( r ' s «.)«n||ff 1 < R, r e [s n ,s n + T], and \\ir(r - s)u\\ H i < R, r e[s,s + T). 
Then 

(1) i/« n u in L 2 (R N ) and t > s ; 

lln^^^n, - 7r(t - s)u\\ H i ^ as n -> oo; 
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(2) ifun^u in H X {R N ) and t > s, 

l|n^^ n (*n> s n)u n - n(t - s)u\\ H i ^ as n -> oo. 

Following 5\, we introduce the extended phase-space £ x ff 1 (IR Ar ). For u > 0, we 
define on E the unitary group of translations 

(2.23) {T u {h)a)(-):=a(- + uh). 
One can easily prove the following translation identity: 

(2.24) nzjt + h,s + h) = riQ h),r (t,s), heR. 

Thanks to (|2.24j) . we can associate to the family of processes {11^ | d 6 E} a 
skew-product semiflow P\,u{t) on the extended phase-space £ x H X {R N ), by the 
formula 

(2.25) P^(t)((T,u) := (T w (t)a,W x Jt,0)u). 

If u) > and A G [0,1] are fixed, Proposition 12.11 implies that the semiflow P\^ 
satisfies the no-blow-up condition 1-2.1 of J7j. Moreover, if uj > is fixed and 
(A n ) ng N is a sequence converging to some A G [0,1], Proposition 12.31 implies that 
the sequence of semiflows (P\ n>w )nm converges to the semiflow Px tU on E x if 1 (M Ar ), 
according to Definition 1-2.2 of ^7j. Notice that, for A = 0, one has Po jW (t)(a,u) = 
(T w (t)a,ir(t)u), so P 0)U1 (t)(a,u) is completely decoupled. 

3. The question of admissibility 

We begin by recalling the following concept, introduced by Rybakowski in ^1 
(see also |T7j): 

Definition 3.1. Let X a metric space, let B be a closed subset of X and let { r K n )neH 
be a sequence of local semiflows in X. Then B is called {7r n }-admissible if the 
following holds: 

if (^n)neN is a sequence in X and (i n )neN is a sequence in R + such that t n — > oo 
as n — > oo and 7i n (r)x n C B for r G [0,t n ] for all n G N, then the sequence of 
endpoints (vr n (t n )x n ) ng N has a converging subsequence. 

The set B is called strongly {7r n }-admissible if B is {vr n }- admissible and if^ n does 
not explode in B for every n G N. Ifir n = 7T for all n, we say that B is 7r-admissible 
(resp. strongly vr-admissiblej 

Notice that, by Proposition 12.11 if B C H l {M. N ) is bounded, then the semiflow 
P\ )LU does not explode in E x B. 

In the case of a parabolic equation on a bounded open set Q C M. N , the admis- 
sibility of all bounded subsets in the phase space is a direct consequence of the 
compactness of the Sobolev embedding if x (f2) L 2 (Q). In M. N this property fails, 
and one has to introduce some restrictions on the non-linear term F. We make the 
following "dissipativeness in the large" assumption (cf [To]): 

(D) for every (r, x, u) G R x R N x R, 
(3.1) F(t, x, u)u < —v\u\ 2 + 6(r, x)|m| 9 + c(r, x), 



CONLEY INDEX CONTINUATION UNDER TIME AVERAGING 



9 



where v > 0, 2 < q < 2N/(N - 2), and r ^ c(r, •) G L 1 (R N ) and r ^ 
b(r, •) G L P (M. N ) are almost-periodic, where 2N/[2N — q(N — 2)] < p < oo. 

It is easy to check that (D) is satisfied by any element of £ 2 (with &(•, •) and c(-, •) 
replaced by suitable functions /?(-,•) and 7(-, •) belonging to the corresponding hulls) 
as well as by the mean value F (with b(-, •) and c(-, •) replaced by their means b(-) 
and c(-)). Since the range of an almost-periodic function is compact, there exists a 
sequence of positive numbers (m^)/^, m k — > as k — > oo, such that 



(3.2) / \(3(T,x)\ p dx+ / \l(r,x)\dx <m k , r G E, fc G N, 

i|x|>fc i|a;|>fc 

for all ■) G •)) and 7 (-, ■) G ft(c(-, •))• Moreover, 

(3.3) / \b{x)\ p dx+ \c{x)\dx<m k , keN. 

J\x\>k J\x\>k 

The following Proposition is a non-autonomous version of Proposition 2.2 in [TH] . 
and like the latter, it was inspired by Lemma 5 in [271] : 

Proposition 3.2. Assume (a^r))^- satisfies condition (HI) and F(t,x,u) satisfies 
conditions (H2)-(H4) ; (AP) and (D). Let R > 0. There exists a sequence (rj^kem, 
i]k — > as k ^ oo, with the following property: 

whenever A G [0, 1], a; > ; (a, $) G S and it: [s, s + T] — > iJ 1 (IR n ) a solution 
of Wlty with \\u(t)\\ H i < R forte [s,s + T], then 

(3.4) / |w(t,x)| 2 c/x < R 2 e- 2u{t ~ s) +r} k for t G [s, s + T] and k G N. 
i|x|>fc 

T/ie number i] k depends only on R, v, u and m k . 

Proof. Let 6: E + — > E be a smooth function such that < #(s) < 1 for s G E + , 
0(s) = for < s < 1 and 8(s) = 1 for s > 2. Let D : = sup sgR+ Define 
k (x) := 6(\x\ 2 /k 2 ). Then, for t G [s, s + T], we have 

— - / 6> fc (x)|-u(t, x)| 2 = / 9 k (x)u(t, x)u t (t, x) dx 

dt 2 J^„ J-g^n 

f N 

— — QLjj{\, ut)dj(9 k (x)u(t, x))dju(t, x) dx 

+ / d k (x)u(t, x)$(A, u>t, x, u(t, x)) dx 
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atij(\, cjt)di(0k(x)u(t, x))dju(t, x) dx 

N 

9k(x) aij(X,ut)diu(t,x)dju(t,x)dx 

ij=l 

2 r N 

— / 6 |/ (|x| 2 /fc 2 )M(t, x) «ij(A, cut) dju(t, x) dx 
k i,j=i 



< 



2D 

u k 2 



k<\x\<V2k 



\x\ \u(t, x) | \ V x u(t, x) | dx < 



2V2D R2 

^ _^2n/(n-2) 



6 k (x)(\p(ut,x) + (1 - X)b(x))\u(t,x)\ q dx 



On the other hand, by condition (D), by the Sobolev embedding H 1 
and by Holder inequality, we have 



9k(x)u(t, x)$(A, u)t, x, u{t, x)) dx < — v I 9 k (x)\u(t, x)\ 2 dx 



+ 



/ 9 k (x)(Xj(cot,x) + (1 - X)c(x))dx 

(n-2)/2_ 

Summing up, we have found a sequence (^fc)fceN, % — ► as — >■ oo, such that 
d 



< —v / 9k(x)\u(t, x)\ 2 dx + 



i/p i 



eft 



6 l fc(a;)|M(t, x)\ dx < — 2v I 9 k (x)\u(t, x)\ dx + r\ k - 



Multiplying by e 2ut and integrating on [s, s + 1\, we get 



9 k (x)\u(t,x)\ 2 dx < e - 2v{l ~ s) / 9 k (x)\u(s,x)\ 2 dx + Vk — (1 - e- 2u{ *- s) ), 

2v 



□ 



which in turn implies the thesis. 
Now we can prove 

Theorem 3.3. Assume (^(t))^ satisfies condition (HI) and F(t,x,u) satisfies 
conditions (H2)-(H4), (AP) and (D). Let to > 5e /ixed, let B C F 1 ^) 5e 
bounded and let (A n ) n£ N fre o sequence in [0,1]. T/ien i/ie set T, x B is {P\ n ^}- 
admissible. 

Proof. First, we chose R > such that Z? C Bjji(R; 0). By Proposition 12.11 there 
exists T R > such that, for all w G B H i(R; 0), for all A G [0, 1], for all s G M and 
for all a G E, n^ w (t, s)u is defined for i 6 [s, s + Tr] and HiT^^t, s)u||#i < 2R for 
*6[s,s + T fl ]. 
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Now let ((cr n , M„))neN be a sequence in £ x H 1 (WL N ) and let (t n )neN be a sequence 
of positive numbers such that t n — > oo as n — > oo and Px ntLJ (t)(cr n ,u n ) G H x B for 
t G [0, t n ], n G N. The latter amounts to saying that IT^ n w (t, 0)w n G £> for t G [0, t n ], 
fiGN. 

Since £ is compact, we can assume, without loss of generality, that there exists 
G £ such that T w (t n — Tr) and T w (t n )a n -> T U {T R ) 

n — ► oo. Moreover, we can assume that there exists G [0, 1] such that A n — > A^ 
as n — > oo. 

Now, since the set 

(3.5) {n^-T^OKIneN} 

is bounded in H 1 (M N ), then passing to a subsequence if necessary, we can assume 
that there exists G /f 1 (IR iV ) such that 

n £,u,(*n - Tfl, OK - ^ in tf 1 ^) as n -> oo. 

Notice that HwooIIh 1 < -R, so 11^ w (t,0)uoo is defined for t G [0,Tr]. We claim that 
n^ n U (t n —Tji, 0)u n — * in the strong L 2 -topology. To this end, it is enough to show 
that the set (|3.5jl is relatively compact in the strong L 2 topology, or equivalently 
that it is totally bounded. 

This is a consequence of Lemma 13.21 and of the Rellich Theorem. In fact, for 
n G N and fcGNwe have 

/ 6 k (x) \(W x lJt n -T R ,0)u n )(x)\ 2 dx < R 2 e- 2u{t "- TR) + Vk , 

where r\ k — > as k — > oo. Let e > be fixed. Take k and n so large that 
R 2 e -2u(t n -T R ) + Vk < e for all n > nQ _ Then 

(3.6) {n^(t n -T K ,OK|n>« } 

= { k K n n Jtn - T R , OK + (1 " Ok) nZ, u (tn ~ T R , 0)u n \n>n } 
C { 6 k n a £jt n - T R , OK \ n>n } + {(l-e k ) U^Jt n - T R , OK I n > n } 

C ^(e; 0) + { (1 - fe ) n£Jt n - T R , 0)u n \ n > n }. 

The set 

{ (1 - 9 k ) U^(tn - T R , 0)u n \n>n } 

consists of functions of if 1 (M iV ) which are equal to zero outside the ball of radius 
\/2k in M. N . On the other hand, the i7 1 -norm of these functions is bounded by a 
constant depending only on R and D. Then, by the Rellich Theorem, this set is 
precompact in L 2 (R N ). Hence we can cover it by a finite number of balls of radius e 
in L 2 (R N ). This observation, together with (|3.6| . implies that the set ()3.5j) is totally 
bounded and hence precompact in L 2 {R N ). The claim is proved. 
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Finally, by Lemma l2.2[ we have 

n^(tn, ok = iL%Jt n , t n - T R )ui : jt n - t r , ok 

= n^-^cr*, o)w x: jt n - t r , ok -> nI-(T fl) o)^ 

in F 1 ^) as n -»• oo. 

Setting := ^"(Tjj, 0)«oo, it follows that II^Jt^OK -> in /f 1 (R JV ) as 
n — > oo. The proof is complete. □ 

4. Averaging and continuation of invariant sets 

In this section we assume that (oy(T))jj satisfies condition (HI) and F(t,x,u) 
satisfies conditions (H2)-(H4), (AP) and (D). Let A G [0, 1] and u > be fixed. 
Let i^Ao,w G E x i/ 1 (]R Ar ) be an isolated invariant set of P\ 0lUJo and let B\ ^ Q be an 
isolating neighborhood of K\ 0tOJ0 . I* 1 y i ew of Proposition 13 .3| if -Ba ,u;o is bounded, 
then it is strongly P\ 0)U0 -admissible. It follows that K\ 0>U}0 is compact (see Theorem 
1-4.5 in jTTj) and its homotopy index h(P\ 0!U!Q , A AoM) ) is well defined. 

Now we keep ojq fixed and we let A run over [0, 1]. Let K\ ^ C E x H l (M. N ) be 
an isolated invariant set of Pa,o;o an d assume that there exists _B W0 C E x /f 1 (M Ar ), 
such that, for every A G [0, 1], B uo is a bounded isolating neighborhood of K\ tUJQ . 
Then, thanks to Propositions 12.31 and 13.31 we can apply the continuation principle 
1-12.2 of [T7j. It follows that h(P\ tUJo ,, K\,uo,) does not depend on A. In particular, 
h(Pi )t j , Ki !U)0 ) = h(P 0) u , K 0>Uo ). 

We have already noticed that Po <lJo (t)(a, u) = (T Wo (t)a,Tr(i)u), so Po^ (t) is com- 
pletely decoupled. It follows that, if K C H^R 1 *) is an isolated invariant set of 
7i(t), then Ko )UJO := E x A is an isolated invariant set of P 0tLJ0 (t). Moreover, by the 
product formula 1-10.6 of [T7] . 

(4.1) h(P v ,K ^ )=h(T U0 ,E)Ah(n,K). 

We recall that, if (Y, j/ ) and (Z, Zq) are two pointed spaces, then the smash product 
(Y,y ) A (Z,z ) is the pointed space (W, w ), where W := (Y x Z)/(Y x {,2 } U 
{yo} x Z) and : = \X x {^o} U {Vo} X Z]. In Lemma 1.1 of [21J it was proved that 
if (Y,yo) is not contractible and Z is a compact space, then (F,?/o) A (20 {*}, {*}) 
is not contractible. 

In the present situation, E is a compact invariant set of T wo and an isolating 
neighborhood as well. Actually, E is an isolating block with E~ = 0. It follows 
that /i(T^ ,E) is the homotopy type of the pointed space (EU {*},{*})• So, if 
h(ir, A) + 0, then h(P ,„ , K 0m ) ^ 0. 

Let A" C H 1 (M. N ) be a compact isolated invariant set of Tr(t), with nontrivial 
Conley index, and let B C -ff 1 (M iV ) be a bounded isolating neighborhood of A. If 
E x 5 is an isolating neighborhood (of K\ }UJo ) relative to P\ iUlQ for all A G [0, 1], then 

h(P XtU0 , K Xm ) = fr(P 0)Wo , #o lWo ) = KT^, E) A /j(tt, A) ^ 0, AG [0, 1]. 

In other words, the isolated invariant set A of n(t) can be "continued" to a family 
of isolated invariant sets K\ jCJq of P\ tUo , provided one can find a common isolating 
neighborhood of the form E x B, relative to all the P\ t u , A G [0, 1]. If the index of 
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K is nontrivial, the same is true of the index of K\ >tl}Q . We stress that, if this is the 
case, then K\ jUJo ^ 0: this means that there exist full bounded solutions of (J2.19)) in 
B. Therefore we are lead to the following question: 

given an isolated invariant set K of ir(t), is it possible to find a bounded neigh- 
borhood B of K such that E x B is an isolating neighborhood relative to P\ ttJ0 for 
all X G [0, 1] ? 

It turns out that the question has a positive answer if ojq is sufficiently large. 
We need first to prove the following proposition, which ensures a sort of "singular" 
admissibility as uo — > oo. 

Proposition 4.1. Let B C H 1 (M N ) be a bounded set, let (\ n )n<=N be a sequence 
in [0,1], let (a n ) ne N be an arbitrary sequence in S ; let (u; n ) ne N and (£ n ) n eN b e ^ wo 
sequences of positive numbers, u n — > oo and t n — > oo as n — > oo, let (w n ) ne N be a 
sequence in H l (M, N ) and assume that II^ n u (t, 0)u n G B fort G [0,t n ], n G N. Then 
there exists G H 1 (WL N ) such that, up to a subsequence, 

in H 1 (R N ) as n — > oo. 

Proof. The proof is similar to that of Theorem 13.31 First, we chose R > such 
that B C Bjfi(R;0). By Proposition 12.11 there exists T R > such that, for all 
U G B H i(R;0), for all A G [0, 1], for all uo > 0, for all s G R and for all a G S, 
n^(t, s)w is defined for t G [s, s + Tr] and ||IT^(£, s)w|| H i < 2R for i G [s, s + T R ). 
Since _B C i/ 1 (lR iV ) is bounded, there exists Uoq G i/ 1 (IR Ar ) such that, up to a 
subsequence, 

n £ (*»» - °K «oo in tf 1 (R") as n -> oo. 

Notice that Hwoolli? 1 < -Rj so 7r(£)«oo is defined for t G [0,Tr]. Like in the proof of 
Proposition 13.31 thanks to Lemma f3. 21 and to the Rellich Theorem, we obtain that 
n^™ u (t n — T R , 0)u n — > in the strong L 2 -topology. Finally, by Theorem 12.41 we 
have 

n&J**, °K = n*U(*»> ^ - T R )w CiWn {t n - T R , 0)u n 

= nl:fr TR)an (T R , ow x:wn (t n - t r , ok - ^ra«oo 

in F 1 ^) as n -> oo. 

Setting Moo := ^(T R )Uoo, it follows that IT^™ w (i n , 0)w n — > Moo in if 1 (M 7V ) as n — > oo. 
The proof is complete. □ 

We recall the following 

Definition 4.2. ^4 curve t i— > w(t) G if 1 (IR Ar ) ; £ G R sazd to 6e a /uW solution of 
the process U XuJ (t, s) iff 

u{t) = n^(t, s)u(s) for allt> s, s G R. 

Now we have: 
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Corollary 4.3. Let B C i/ 1 (lR Ar ) ; (\ n )nm, ( cr n)neN an d (u n )neN be as in Proposition 
\J~7\ For all neN, let u n : R -> tf^R 71 ) be a full solution ofTl^ ^t, s), such that 
u n (t) G B for all ( e 1. Under these hypotheses, there exists a subsequence of 
(w„)neN; again denoted by {u ri ) ne m, and a full solution Uoq-. R — > H 1 (M. n ) of the 
averaged semiflow 7t(t), such that u n (t) — > u M (i) m iJ 1 (M Ar ) as n —>■ oo, uniformly 
on every bounded subinterval o/R. 

Proof. As in the proof of Proposition 14.11 we begin by taking R > such that i? C 
B H i(R; 0). By Proposition 12 .1| there exists T R > such that, for all w G B H i(R; 0), 
for all A G [0, 1], for all to > 0, for all s G R and for all a G S, nj w (t, s)w is defined 
for t G [s, s + Tr] and HlT^^i, s)w||#i < 2R for i 6 [s, s + T R }. Next, we fix once 
and for all a sequence (t n ) n£N of positive numbers, with t n — > oo as n — ► oo. 
Let fceZ. For all sufficiently large n, we have 

u n {kT R ) = U^ Un (kT R , kT R - t n )u n (kT R - t n ) 

= nr:;jf fl ^ lK (tn,o)n ri (^-t n ). 

Then, by Theorem 14.11 there is a subsequence of (u n (kT R )) neN , again denoted 
by (u n (kT R )) n£N , and there exists v{kT R ) G if 1 (R n ) such that u n {kT R ) converges 
strongly to v{kT R ) in if 1 (R") as n — > oo. In particular, ^(fcT^Hir 1 < R- Using 
Cantor's diagonal procedure we obtain the existence of a subsequence of (u n ) ne n, 
again denoted by (w n )neN, and a sequence v{kT R ) G i7 1 (R n ), fceZ, such that, for 
every fceZ, 

u n (kT R ) -> u(ifeTfl) in £T 1 (K n ) as n -> oo. 
By Theorem 12.41 we have that, for all A; G Z, 

IT^Ji, kT R )u n (kT R ) - 7r(t - kT R )v(kT R ) 

in if 1 (R n ) as n — > oo, uniformly on [A;Tr, (A; + 1)Tr]. 

In particular, one has n^" Wn ((A; + 1)Tr, kT R )u n {kT R ) — > n(T R )v(kT R ). On the 
other hand, n^((A; + l)T R , kT R )u n (kT R ) = u n ((k + 1)T R ) -> + l)T fl ). Hence 
we deduce that t> ((A; + 1)Tr) = ir(T R )v(kT R ) for all A; G Z. We can therefore define 

««,(*) := ?r(* - kT R )v(kT R ) for * G [A;Tr, (A + 1)Tr], 

which is easily seen to be a full solution of of 7r(i). Moreover, 

w n (£) — ► Woo(t) as n — ► oo 

uniformly on every bounded subinterval of R. □ 

Finally, we can prove: 

Theorem 4.4. Let K be an isolated invariant set of 7r(t) and let B C i7 1 (R iV ) be 
a bounded isolating neighborhood of K. There exists uj > such that, for all uj > uj 
and for all A G [0, 1], E x B is an isolating neighborhood relative to P\,w 

Proof. Assume by contradiction that the theorem is not true. Then there exist a 
sequence (A n ) ng N in [0, 1], a sequence of positive numbers (cj n ) n6N , u n — > +oo as n — > 
oo, a sequence (o"„) n6 N in S and a sequence (w n ) ne N of functions from R to i/ 1 (R Ar ), 
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such that, for n G N, u n (t) is a full solution of Il£ n w (t, s), with u n (t) G B for all 
t 6 R and u n (0) G dB for all n G N. By Corollary 14. H[ there exists a subsequence 
of (w n ) ng N, again denoted by (n n ) n eN> an d a full solution Woo : R — > iJ 1 (IR n ) of the 
averaged semiflow n(t), such that n n (t) — > u^t) as n — > oo uniformly on every 
bounded subinterval of R. It follows that u^it) G -B for all i G R and «oo(0) G 95, 
thus contradicting the fact that B is an isolating neighborhood relative to 7r(£). □ 

The results proved in this section can be summarized as follows: 

Theorem 4.5. Assume that {flijir))^ satisfies condition (HI) and F(t,x,u) satis- 
fies conditions (H2)-(H4), (AP) and (D). Suppose that the semiflow ir(t), gener- 
ated by the autonomous averaged equation \2.21\) . posseses an isolated invariant set 
K C H l {R N ), with nontrivial homotopy index. Then, for all sufficiently large uj and 
for all A G [0, 1] ; the skew-product semiflow generated by the non- autonomous equa- 
tion \2.19\) possesses an isolated invariant set C E x i/ 1 (R iV ) ; with nontrivial 
homotopy index. 

5. Recurrent motions 

In this section we shall discuss some consequences of Theorem 14.51 Let A = 1. 
If h(Pi^, K\ t J) 7^ 0, then K\ jU ^ 0. This means that there exist (cr , u o) G S x 
jf^R*) and' a function (a,u)': l^Ex H\R N ), such that (a(0),n(0)) = (a ,n ), 
(a(t),u(t)) G K hu} for all t G R and (a(t),u(t)) = P hw {t - s)(a(s),u(s)) for all 
t > s. It follows that u(t) is a bounded full solution of the process If we are 

interested in proving the existence of bounded full solutions of the original equation 
()2.1|) . we can argue as follows. Since the orbit {o~(t) \ t G R} is dense in S, then 
there exists a sequence (t n ) ne N, such that a(t n ) — > a$ := ({(iij)ij,F) as n — > oo. 
Since is compact, we can assume, without loss of generality, that there exists 
Wjj G i/ 1 (R Ar ) such that (cr^n^) G K\ >u} and «(t n ) — > nj as n — ► oo. It follows that 
there exists a function (a, u) : R — > £ x //" 1 (R JV ), such that (a(0), m(0)) = (cj, iXjj), 
(a(t),u(t)) G Ki iU for all t G R and (a(t),u(t)) = P huj (t - s)(a(s),u(s)) for all t > s. 
It follows that u(t) is a bounded full solution of the process IL^,, i.e. a bounded full 
solution of d2HJ. 

From the dynamical point of view, it is much more interesting to look for recurrent 
solutions rather than for bounded solutions of the equation (|2.1|) . 

Let X be a complete metric space and let ir(t) be a global two-sided flow on X. 
The following basic concepts were introduced by Birkhoff (see [3]; for a modern 
treatment, see also the book of Bhatia and Szego [2]): 

Definition 5.1. A point x G X is called recurrent iff 

(1) the orbit {n(t)x \ t G R} is precompact in X ; 

(2) for every e > there exists £ > snc/j in every interval I C R o/ lenght 
t there is a r suc/i t/tat g?(7t(t):e, x) < e. 

J/ £/ie point x is recurrent, the same is true of the point 7t(t)x, for all tel. The 
full trajectory tc(-)x is then called recurrent. 

Definition 5.2. A set M C X is called a minimal set iff 
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(1) M is closed and invariant; 

(2) M does not contain nonempty, proper, closed invariant subsets. 

The concepts of recurrent point and minimal set are related by the following 
theorem (for a proof, see e.g. [2J: 

Theorem 5.3 (Birkhoff, 1926). A point x G X is recurrent if and only if it belongs 
to a compact minimal set. 

The existence of recurrent points for a flow in a compact metric space is guaranteed 
by the following 

Theorem 5.4 (Birkhoff, 1926). If X is compact, then there exists a minimal set 
M CX. 

Concerning the semiflow Pi )W , we stress that its phase space is not compact. 
Moreover, the trajectories are in general defined only in forward time. However, 
we can restrict the semiflow P\ yU) to the compact invariant set Ki jCJ . Notice that, 
for every (cr ,Wo) G ifi,A> there is a function (a, u) : R — > E x i/ 1 (R 7V ), such that 
(<t(0),u(0)) = (a , m ), (a(t),u(t)) G K x ^ for all i G R and (a(t),u(t)) = P lju (t - 
s)(a(s),u(s)) for all t > s. If the semiflow Pi jU! , restricted to K lt0J , possesses the 
backward uniqueness property, then it admits a unique flow extension. Thanks to 
an abstract result of Lions and Malgrange (|13j). the backward uniqueness property 
holds for equation ()2.19j) . provided we replace the Holder condition ()2.2j) for £%(-) 
in (HI) with the following stronger Lipschitz condition: for all T\,Ti G R, and for 
l<i,j<N, 

(5.1) - <%(t 2 )| < C\n - r 2 |. 

Under this stronger assumption, we can apply Birkhoff 's theorem to the unique 
flow extension of the semiflow P 1)U in the compact metric space K 1>UJ . We thus 
obtain the existence of a minimal set Mi )U3 contained in Ki w . This in turn implies 
the existence of at least one recurrent trajectory in K\ w . 

To the concept of recurrent trajectory there corresponds the concept of recurrent 
function. Let Y be a complete metric space and let ZY(R, Y) be the space of all con- 
tinuous functions g : R — > Y , with the (metrizable) topology of uniform convergence 
on the bounded segments. For g G ZY(R, Y) and s G R, define (T(s)g)(t) := g(t + s), 
t G R. A function g G W(R, K) is called recurrent if the trajectory T(s)g is recurrent 
inW(R,F). 

The connection between recurrent functions and recurrent trajectories is the fol- 
lowing: let x be a recurrent point of a global flow ir(t) in a complete metric space 
X; let y be a complete metric space and let <fi: X — > Y be a continuous function; 
then the function t ^ (p(7r(t)x) is recurrent. Therefore, if (cro,«o) is a recurrent 
point of the flow extension of P\^ in K\ yU , then there exists a recurrent function 
(a,w): R -> E x fl' 1 (R JV ), such that (o"(0), u(0)) = ((t ,m ), (a(t),w(t)) G ^ for 
alH G R and (a(t),u(t)) = Pi, u {t - s)(a(s),u(s)) for all t > s. It follows that u(t) 
is recurrent solution of the process n^. 

If we are interested in proving the existence of recurrent solutions of the original 
equation ([2.1)1 . we can argue as follows. Since the orbit {cr(t) \ t G R} is dense in E, 
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then there exists a sequence (t n ) ne n, such that a{t n ) — > a$ := ((aij)ij, F) as n — > oo. 
Since Mi )W is compact, we can assume, without loss of generality, that there exists 
G if 1 (R JV ) such that (a$,u%) G Mi >£J and w(t n ) — > Uj as n — > oo. It follows that 
here exists a function (a,tt): R — ► £ x ii/' 1 (R JV ), such that (cr(0),w(0)) = (a$,u$), 
(a(t),u(t)) G M 1>U) for all t G R and (a(t),u(t)) = P x ^{t - s)(a(s),u(s)) for all 
t > s. It follows that u(t) is a recurrent solution of the process 11/^, i.e. a recurrent 
solution of 12.11 We can summarize the above considerations in the following 

Theorem 5.5. Assume that {a-ij{T))ij satisfies condition (HI), with the Holder 
condition A2.2\) replaced by the Lipschitz condition 115.1]) . and F(r, x, u) satisfies 
conditions (H2)-(H4), (AP) and (D). Suppose that the semiflow it (t), generated 
by the autonomous averaged equation \2.21\) . possesses an isolated invariant set 
K C H l (M. N ), with nontrivial homotopy index. Then, for all sufficiently large u, 
the non- autonomous equation \2.1\) possesses a recurrent solution. 

We conclude with an example, in which the averaged equation is asymptotically 
linear (cf [IS]). More precisely, we assume that the average F(x,u) satisfies (|2.3J1 
with (3 — and (|3.1|) with q = 2. Moreover, we assume that 

(5.2) lim F ( x ' u > = V(x) := -V x (x) + V 2 (x) for all x G R", 

|n|^oo U 

where V x G L°°(R n ), with V x {x) > v > for all x G R n , and V 2 G L p (R n ), with 
n < p < oo. It was observed in [15J that the essential spectrum of the operator 
—A — V(-) is contained in [u, +oo[. In particular, the part of the spectrum of 
—A — V(-) contained in ] — oo, z>/2[ is a finite set, consisting of isolated eigenvalues 
with finite multiplicity. We assume that the following non-resonance condition at 
infinity is satisfied: 

(5.3) ker(-A - V(-)) = (0). 
In ^3] it was proved the following 

Theorem 5.6. Assume that F satisfies \2. with (3 = 0, AS. 1\) with q = 2, A5.2A) 
and A5.fy) . Let m be the total multiplicity of the negative eigenvalues of —A — V(-). 
Denote by up the semiflow generated by A2.21\) and by Kp the union of the ranges 
of all bounded full solutions of up. Then Kp is a compact isolated invariant set with 
homotopy index 

h(7r Fj Kp) = i: m , 

where S m is the homotopy type of a m- dimensional pointed sphere. In particular, 
h(n F ,Kp) ^0, so Kp^(D. 

From Theorems 15.51 and 15.61 one can finally deduce: 

Theorem 5.7. Assume that {aij(r))ij satisfies condition (HI), with the Holder 
condition A2.2\) replaced by the Lipschitz condition A5. and F(t, x, u) satisfies 
conditions (H2)-(H4), (AP) and (D). Assume that the average F satisfies A2.3\) 
with (3 = 0, A3.1\) with q = 2, A5.2\) and A5.3]) . Then, for all sufficiently large u, the 
non- autonomous equation A2.1\) possesses a recurrent solution. 
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